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ESTIMATES OF THE NUMBER OF LINES LYING IN THE
LIMIT SET FOR SUBGROUPS OF PSL(3,C)
W. BARRERA, A. CANO & J. P. NAVARRETE
Abstract. Given a discret subgroup Γ ⊂ PSL(3,C), we determine the
number of complex lines and complex lines in general position lying in
the complement of: maximal regions on which Γ acts properly discon-
tinuously, the Kularni’s limit set of Γ and the equicontinuity set of Γ.
We also provide sufficient conditions to ensure that the equicontinuity
region agrees with the Kulkarni’s discontinuity region and is the largest
set where the group acts properly discontinuously and we provide a de-
scription of he respective limit set in terms of the elements of the group.
Introduction
Given a discrete group Γ ⊂ PSL(n + 1,C), n 6= 3, is known that Γ
may have various maximal sets on which Γ acts properly discontinuously,
see [5]. And is not clear how the various extensions of the definition of
discontinuity regions, see [5, 6, 8], are related. This article is a continuation
of our previous articles, see [1, 2], on which have tried to solve the after told
problem in the case n = 2. Our argument, in the present article, is based
on the existence of lines in the complement of discontinuity regions, see [4],
the generalization of the Montel’s lemma for Normal families, see [1, 7] and
the following estimations, see their respective proofs bellow:
Theorem 0.1. Let Γ ⊂ PSL(3,C) be a discrete subgroup and Ω ⊂ P2
C
be ei-
ther Eq(Γ), Ω(Γ) or a maximal region where Γ acts properly discontinuously,
then Li(Ω) = 1, 2, 3 or ∞.
Theorem 0.2. Let Γ ⊂ PSL(3,C) be a discrete subgroup and Ω ⊂ P2
C
be ei-
ther Eq(Γ), Ω(Γ) or a maximal region where Γ acts properly discontinuously,
then LiG(Ω) = 1, 2, 3, 4 or ∞.
By meas of this results we are able to show:
Theorem 0.3. Let Γ ⊂ PSL(3,C) be a discrete group. If the number of
lines of each maximal set Ω ⊂ P2
C
on which Γ acts properly discontinuously
is at least 3, then the Kulkarni’s discontinuity region Ω(Γ) agrees with the
equicontinuity set of the group Γ, is the largest open set where Γ acts properly
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discontinuously and Λ(Γ) is the union of complex lines. Moreover, it holds
that:
Λ(Γ) =
⋃
γ∈Γ
Λ(γ).
Such theorem extent our previous results in [1].
This article is organized as follows: in section 1 we introduce some terms
and notations which will be used along the text. In section 2 we prove
Theorems 0.1 and 0.2. In section we prove Theorem 0.3. Finally in section
4, we provide examples which show that our estimates are optimal.
1. Preliminaries and Notations
1.1. Projective Geometry. We recall that the complex projective plane
P
2
C
is
P
2
C := (C
3 \ {0})/C∗,
where C∗ acts on C3 \ {0} by the usual scalar multiplication. Let [ ] :
C
3 \ {0} → P2
C
be the quotient map. A set ℓ ⊂ P2
C
is said to be a complex
line if [ℓ]−1∪{0} is a complex linear subspace of dimension 2. Given p, q ∈ P2
C
distinct points, there is a unique complex line passing through p and q, such
line will be denoted by←→p, q. The set of all the complex lines contained in P2
C
,
denoted Gr(P2
C
), endowed with the topology of the Hausdorff convergence,
turns out to be homeomorphic P2
C
.
Consider the action of Z3 (viewed as the cubic roots of the unity) on
SL(3,C) given by the usual scalar multiplication, then
PSL(3,C) = SL(3,C)/Z3
is a Lie group whose elements are called projective transformations. Let
[[ ]] : SL(3,C) → PSL(3,C) be the quotient map, γ ∈ PSL(3,C) and
γ˜ ∈ GL(3,C), we will say that γ˜ is a lift of γ if there is a cubic root τ of
Det(γ) such that [[τ γ˜]] = γ, also, we will use the notation (γij) to denote
elements in SL(3,C). One can show that PSL(3,C) is a Lie group that acts
transitively, effectively and by biholomorphisms on P2
C
by [[γ]]([w]) = [γ(w)],
where w ∈ C3 \ {0} and γ ∈ SL3(C).
Now define the space of the pseudo-projective maps:
SP (3,C) = (M(3,C) \ {0})/C∗,
where C∗ acts on M(3,C) \ {0} by the usual scalar multiplication. In the
sequel [[ ]] : M(3,C) \ {0} → SP (3,C) will denote the quotient map and we
will consider SP (3,C) endowed with the quotient topology. Finally, given
γ ∈ SP (3,C) we define its kernel by:
Ker(γ) = [Ker(γ˜) \ {0}],
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where γ˜ ∈ M(3,C) is a lift of γ. Clearly PSL(3,C) ⊂ SP (3,C) and γ ∈
PSL(3,C) if and only if Ker(γ) = ∅.
1.2. Discontinuous Actions on P2
C
.
Definition 1.1. Let Γ ⊂ PSL(3,C) be a discrete group. An open non-
empty set Ω ⊂ P2
C
is said to be a region where Γ acts properly discontinuously
if ΓΩ = Ω and for each compact set K ⊂ Ω the set {γ ∈ Γ|γ(K) ∩ K} is
finite. Set
Dis(Γ) = {Ω ⊂ P2C : Ω 6= ∅&Γ acts properly discontinuously on Ω}.
The group Γ is said to be Kleinian if Dis(Γ) 6= ∅.
1.2.1. The equicontinuity set. Recall that the equicontinuity set for a family
F of endomorphisms of P2
C
, denoted Eq(F), is defined to be the set of
points z ∈ P2
C
for which there is an open neighborhood U of z such that
{f |U : f ∈ F} is a normal family.
Definition 1.2. Let Γ ⊂ PSL(3,C) be a discrete group, then we define:
Lim(Γ) = {g ∈ SP (3,C) : g is a cluster point of Γ}.
Theorem 1.3 (See [1]). If Γ ⊂ PSL(3,C) is a discrete group, then:
(i) The equicontinuity region of Γ is a region where Γ acts properly
discontinuously;
(ii) The equicontinuity region is described as follows:
Eq(Γ) = P2C \
 ⋃
γ∈Lim(Γ)
Ker(γ)
 ;
(iii) If U is a Γ-invariant open subset of P2
C
such that P2
C
\ U contains
at least three complex lines in general position, then U ⊂ Eq(Γ).
1.2.2. The Discontinuity Region in the Kulkarni’s sense. Given Γ ⊂ PSL(3,C)
a discrete group we define following Kulkarni, see [8]: the set L0(Γ) as the
closure of the points in P2
C
with infinite isotropy group. The set L1(Γ) as
the closure of the set of cluster points of Γz where z runs over P2
C
\ L0(Γ).
The set L2(Γ) as the closure of cluster points of ΓK where K runs over all
the compact sets in P2
C
\ (L0(Γ) ∪ L1(Γ)). The Limit Set in the sense of
Kulkarni for Γ is defined as:
Λ(Γ) = L0(Γ) ∪ L1(Γ) ∪ L2(Γ).
The Discontinuity Region in the sense of Kulkarni of Γ is defined as:
Ω(Γ) = P2C \ Λ(Γ).
Clearly the discontinuity region Ω(Γ) contains Eq(Γ), see [1], and is a region
where Γ acts properly discontinuously, see [8].
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2. Counting Lines
Definition 2.1. Let Ω ⊂ P2
C
be a non-empty open set. Let us define:
(i) The lines in general position outside Ω as:
LG(Ω) =
{
L ⊂ Gr1(P2C)|The lines in L are in general position &
⋃
L ⊂ P2C \ Ω
}
;
(ii) The number of lines in general position outside Ω as:
LiG(Ω) = max({card(L) : L ∈ LG(Ω)}),
where card(C) denotes the number of elements contained in C.
(iii) Given L ∈ LG(Ω) and v ∈ ⋃L, we will say that v is a vertex for L
if there are ℓ1, ℓ2 ∈ L distinct lines and an infinite set C ⊂ Gr1(P2C)
such that ℓ1 ∩ ℓ2 ∩ (
⋂ C) = {v} and ⋃ C ⊂ P2
C
\ Ω.
Corollary 2.2. Let Γ ⊂ PSL(3,C) be a discrete group and Ω ⊂ P2
C
be a
maximal discontinuity region for the action of Γ if LiG(Ω(Γ)) ≤ 2, then
LiG(Ω) ≤ 2.
Proof. On the contrary, let us assume that there is a maximal region Ω ⊂ P2
C
where Γ acts properly discontinuously and LiG(Ω) ≥ 3, thus Ω ⊂ Eq(Γ) ⊂
Ω(Γ). Thus Ω = Ω(Γ), which is a contradiction. 
Definition 2.3. Let Γ ⊂ PSL(3,C) be a group and p ∈ P2
C
such that
Γp = p, then define Π = Πp,ℓ,Γ : Γ −→ Bihol(ℓ) given by Π(g)(x) = π(g(x))
where π = πp,ℓ : P
2
C
− {p} −→ ℓ is given by
π(x) =←→x, p ∩ ℓ.
Also, if p = e1 define λ∞,Γ : Γ→ C by
λ∞,Γ([γ]) = γ311.
Clearly, Πp,ℓ,Γ and λ∞,Γ are well defined group morphisms.
Lemma 2.4. Let Γ ⊂ PSL(3,C) be a discrete group and Ω ⊂ P2
C
be an
open Γ-invariant set such that LiG(Ω) = 2, then there is a point p ∈ P2
C
such that Γp = p.
Proof. Let L = {ℓ ∈ Gr(P2
C
) : ℓ ∈ P2
C
\ Ω}. Since LiG(Ω) = 2, if follows
that
⋂L contains exactly one point, namely p0. Clearly ΓL = L and in
consequence Γp = p. 
Lemma 2.5. Let Γ ⊂ PSL(3,C) be a discrete group and Ω ⊂ P2
C
be an open
Γ-invariant set such that L0(Γ) ⊂ P2C \ Ω. If LiG(Ω) = 2 and 3 ≤ Li(Ω) <
∞, then:
(i) If ℓ ∈ Gr(P2
C
) does not contain p, then Πp,ℓ(Γ) is finite.
(ii) It holds that Ker(Π) is a normal subgroup of finite index.
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(iii) By conjugating with a projective transformation, if it is necessary,
it follows that each γ ∈ Ker(Π) with infinite order has a lift γ˜ ∈
SL(3,C) given by:
γ˜ =
 1 b c0 1 0
0 0 1
 .
(iv) By conjugating with a projective transformation, if it is necessary,
it follows that each γ ∈ Ker(Π) with infinite order has a lift γ˜ ∈
SL(3,C) given by:
γ˜ =
 1 b 00 1 0
0 0 1
 .
(v) By conjugating with a projective transformation, if it is necessary,
it follows that the group λ∞,Γ(Ker(Π)) is finite.
(vi) There is ℓ ∈ Gr(P2
C
) such that Eq(Γ) = P2
C
\ ℓ.
Proof. Set L = {ℓ ∈ Gr(P2
C
) : ℓ ∈ P2
C
\ Ω} and n0 = Card(L).
Let us prove (i). Since Γ
⋃L = ⋃L it follows that
Π(Γ)π
(⋃
L \ {p0}
)
= π
(⋃
L \ {p0}
)
.
In consequence π (
⋃L \ {p0}) is a Π(Γ)-invariant set whose cardinality is
n0. Thus
Γ0 =
⋂
x∈π(⋃L\{p0})
Isot(x,Π(Γ)),
is a normal subgroup of Π(Γ) with finite index. Moreover, every element
in π (
⋃L \ {p0}) is fixed by Γ0. Since π (⋃L \ {p0}) contains more than
3 elements we conclude that Γ0 consist exactly on the identity. Therefore
Π(Γ) is finite.
Let us prove (ii). From the previous claim it follows that Ker(Π) is a
normal subgroup of Γ with finite index.
Let us prove (iii). Let γ ∈ Ker(Π) and γ˜ ∈ SL(3,C) a lift of γ, thus
γ˜ =
 a−2 b c0 a 0
0 0 a

where a ∈ C∗ and b, c ∈ C. if γ˜ is diagonalizable, there are v1, v2 ∈ C3
such that {e1, v1, v2} is an eigenbasis of γ˜ whose respective eigenvalues are
{a−2, a, a}. In consequence ℓ =←−→v1, v2 ⊂ Fix(γ) ⊂ P2C ⊂ Ω and e1 /∈ ℓ, which
is a contradiction. In consequence γ˜ is non diagonalizable and the claim
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follows from the Jordan’s normal form theorem.
By the previous claim we can assume that there is an element γ0 ∈
Ker(Π), such that γ0 has a lift γ˜0 ∈ SL(3,C) which is given by:
γ˜0 =
 1 1 00 1 0
0 0 1

Let us prove (iv). If this is not the case, there is γ1 ∈ Ker(Π) which has
a lift γ˜1 ∈ SL(3,C) given by:
γ˜1 =
 1 a b0 1 0
0 0 1
 .
An inductive argument shows:
γ˜m0 γ˜1 =
 1 a+ n b0 1 0
0 0 1
 .
A straightforward calculation shows that
ℓm =
←−−−−−−−−−−−−→
[e1], [0 : −b : b+ n] ⊂ Fix(γm0 γ1)
and ℓm 6= ℓn, whenever n 6= m. That is ℓm ∈ L, which is a contradiction.
Which concludes the proof of the claim.
Let us prove (v). On the contrary, let us assume that λ∞,Γ(Ker(Π)) is
infinite, thus there is a sequence λ3m ⊂ λ∞,Γ(Ker(Π)) of distinct elements
such that λ
1/2
m → 1. For each m ∈ N let γm ∈ Ker(Π) be such that
λ∞,Γ(γm) = λ3m. Therefore γm has a lift γ˜m ∈ SL(3,C) given by:
γ˜ =
 λm am bm0 λ−1/2m 0
0 0 λ
−1/2
m
 .
where am, bm ∈ C. Now a simple calculation shows:
γ˜−1m γ˜0γ˜m =
 1 λ−3/2m 00 1 0
0 0 1

m→∞//
 1 1 00 1 0
0 0 1
 .
Which is a contradiction, since Γ is discrete.
Let us prove (vi). By the previous claims, it follows that each element
γ ∈ Ker(λ∞,Ker(Π)) has a lift γ˜ ∈ SL(3,C) which is given by:
γ˜ =
 1 a 00 1 0
0 0 1
 .
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It follows that Eq(Ker(λ∞,Ker(Π))) = P2C \←−→e1, e3. Which concludes the proof
of the claim. 
Definition 2.6. Let Γ ⊂ PSL(3,C) be a discrete group, let us define C(Γ)
as the set:
C(Γ) =
⋃
γ∈Γ
Λ(γ).
Clearly C(Γ) ⊂ P2
C
\ Eq(Γ) is a non empty, Γ−invariant closed set, see
[9], [4].
Proposition 2.7. Let Γ ⊂ PSL(3,C) be a discrete subgroup and Ω ⊂ P2
C
be either Eq(Γ), Ω(Γ), P2
C
\C(Γ) or a maximal region where Γ acts properly
discontinuously. If LiG(Ω) = 2 and Li(Ω) <∞, then LiG(Ω) = 2.
Proof. If Ω is either Eq(Γ), Ω(Γ) or P2
C
\ C(Γ) and the assertion does not
follows, then previous lemma yields that P2
C
\ (Ω) is a complex line, which
is a contradiction.
Finally, if Ω is a maximal region where Γ acts properly discontinuously
and Li(Ω) > 2, then parts (vi) and (??) of previous lemma yields L0(Γ) =
P
2
C
\Eq(Γ) is a complex line. Thus Ω ⊂ Eq(Γ), which is a contradiction. 
Proposition 2.8. Let Γ ⊂ PSL(3,C) be a discrete group and Ω ⊂ P2
C
be an open Γ-invariant set such that L0(Γ) ⊂ P2C \ Ω. If LiG(Ω) = 3
and 3 < Li(Ω) < ∞, then there is ℓ ∈ Gr(P2
C
) and p ∈ P2
C
\ ℓ such that
Eq(Γ) = P2
C
\ (ℓ ∪ {p}) = P2
C
\ L0(Γ).
Proof. On the contrary, let us assume that n0 = Li(Ω) ≥ 3. Let L =
{ℓ ∈ Gr(P2
C
)|ℓ ∈ P2
C
\ Ω}. Let Γ0 =
⋂
ℓ∈L Isot(ℓ, ). Since L is a finite set,
we conclude that Γ0 is a normal subgroup of Γ with finite index. Since
LiG(Ω) = 3, and after conjugating by a projective transformation if it is
necessary, we can assume that X =
←−−−→
[e1], [e2], Y =
←−−−→
[e3], [e2], Z =
←−−−→
[e1], [e3] ∈
L. Thus every element γ ∈ τΓ0τ−1 has a lift in γ˜ ∈ SL(3,C) given by:
γ˜ =
 γ11 0 00 γ22 0
0 0 γ33
 .
where γ11γ22γ33 = 1. Let ℓ ∈ L \ {X,Y,Z} be a complex line, then either
[e1] ∈ ℓ, [e2] ∈ ℓ or [e3] ∈ ℓ. Without loss of generality let us assume
that e1 ∈ ℓ. Set Π = Π[e1],Y and π = π[e1],Y . Thus [e2], [e3], π(ℓ \ [e1]) ∈⋂
γ∈Π(Γ0) Fix(γ) and [e2] 6= π(ℓ \ [e1]) 6= [e3]. It falls out that Π(Γ0) = {Id}.
Therefore, for each γ ∈ Γ0 there is γ11 ∈ C∗ such that γ˜ ∈ SL(3,C) given
by:
(2.1) γ˜ =
 γ211 0 00 γ−111 0
0 0 γ−111
 ,
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is a lift of γ. Therefore
(2.2)
Y ∪ {[e1]} ⊂
⋂
γ∈Π(Γ0) Fix(γ)
Eq(Γ0) = P
2
C
\ (Y ∪ {[e1]}).

Proposition 2.9. Let Γ ⊂ PSL(3,C) be a discrete subgroup and Ω ⊂ P2
C
be either Eq(Γ), Ω(Γ), P2
C
\C(Γ) or a maximal region where Γ acts properly
discontinuously. If LiG(Ω) = 3 and Li(Ω) <∞, then LiG(Ω) = 3.
Proof. If the assertion does not follows, then previous lemma yields that
Li(Ω) = 1, which is a contradiction. 
Proposition 2.10. Let Γ ⊂ PSL(3,C) be a discrete subgroup and Ω ⊂ P2
C
be either Eq(Γ), Ω(Γ), P2
C
\C(Γ) or a maximal region where Γ acts properly
discontinuously. If LiG(Ω) ≥ 4, then Li(Ω) is infinite.
Proof. On the contrary, let us assume that Li(Ω) < ∞. Set L = {ℓ ∈
Gr(P2
C
) : ℓ ⊂ P2
C
\ Ω} and Γ0 =
⋂
ℓ∈L Isot(ℓ,Γ). Since LiG(Ω) ≥ 4, it falls
out that each γ ∈ Γ0 fixes alt least four lines in general position. Thus
Γ0 = {Id}. Since Γ is a subgroup of Γ with finite index, we conclude that Γ
is finite. Which is a contradiction. 
Is worth nothing to check that the following theorem follows from the
following Lemma.
Lemma 2.11 (See [4] & [10]). Let Γ ⊂ PSL(3,C) be a discrete subgroup
and Ω ⊂ P2
C
be either Eq(Γ), Ω(Γ), P2
C
\C(Γ) or a maximal region where Γ
acts properly discontinuously, then Ω contains a complex line.
Theorem 2.12. Let Γ ⊂ PSL(3,C) be a discrete subgroup and Ω ⊂ P2
C
be
either Eq(Γ), Ω(Γ), P2
C
\ C(Γ) or a maximal region where Γ acts properly
discontinuously, then Li(Ω) = 1, 2, 3 or ∞.
Lemma 2.13. Let Γ ⊂ PSL(3,C) be a discrete group and ℓ ∈ Gr(P2
C
) be
Γ-invariant such that the action of Γ restricted to ℓ is trivial, then:
(i) If there is an element in Γ with infinite order with a diagonaliz-
able lift, then there is a discrete subgroup G ⊂ C∗ such that Γ is
conjugated to:
ΓG =

 a 0 00 a 0
0 0 a−2
 : a ∈ G
 .
(ii) If Γ does not contains an element with infinite order and with a di-
agonalizable lift, then, after conjugating with a projective transfor-
mation if it is necessary, each element γ ∈ Γ has a lift γ˜ ∈ SL(3,C)
given by:
γ˜ =
 a 0 b0 a c
0 0 a−2
 ,
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where | a |= 1.
Proof. Let us prove (i). After conjugating with a projective transformation,
if it is necessary, we may assume that ℓ = ←−→e1, e2 and there is γ0 ∈ Γ with a
lift γ0 ∈ SL(3,C) given by:
γ˜0 =
 a 0 00 a 0
0 0 a−2
 ,
where |a| < 1. On the other hand, since each element γ ∈ Γ has a lift
γ˜ ∈ SL(3,C) given by:
γ˜ =
 γ11 0 γ130 γ11 γ23
0 0 γ−211
 ,
Set Π1 = Πe1,←−→e2,e3 , π1 = Πe1,←−→e2,e3 and Π2 = Πe2,←−→e1,e3 , π2 = Πe2,←−→e1,e3 . Clearly
Ker(Πj), j ∈ {1, 2}, is trivial.
Is straightforward to check that the following claim proves the assertion.
Claim 1.- For each τ ∈ Γ\{Id} it follows that Fix(Πj(τ)) = Fix(Πj(γ0)).
If this is not the case, there are j0 ∈ {1, 2} and τ0 ∈ Γ such that Fix(Πj0(τ0))∩
Fix(Πj0(γ0)) is a single point. In consequence Πj0(τ0γ0τ
−1
0 γ
−1
0 ) is parabolic.
Without loss of generality, let us assume that j0 = 1, thus κ = τ0γ0τ
−1
0 γ
−1
0
has a lift κ˜ ∈ SL(3,C) given by:
κ˜ =
 1 0 κ130 1 κ23
0 0 1
 ,
where κ13 6= 0. Finally, a simple calculation shows:
γ˜m0 κ˜γ˜
−m
0 =
 1 0 a−mκ130 1 a−mκ23
0 0 1

m→∞//
 1 0 00 1 0
0 0 1
 ,
which is a contradiction since Γ is discrete.
Let us prove (ii). After conjugating with a projective transformation, if
it is necessary, we may assume that ℓ =←−→e1, e2. In consequence each element
γ ∈ Γ has a lift given by:
γ˜ =
 γ11 0 γ130 γ11 γ23
0 0 γ−211
 .
Set Π1 = Πe1,←−→e2,e3 , π1 = Πe1,←−→e2,e3 , Π2 = Πe2,←−→e1,e3 , π2 = Πe2,←−→e1,e3 and
λ∞ : (Γ)→ C∗ given by λ∞(γ) = γ311.
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Clearly, the assertion yields from the following claim:
Claim 2.- λ∞(Γ) ⊂ S1. On the contrary, let us assume that there is γ0 ∈ Γ
such that |λ∞(γ0)| 6= 1. In such case:
Fix(Π1(γ0)) = {p1 = [0 : γ(0)23 : 1− γ(0)11 ], [e2]}
Fix(Π2(γ0)) = {p2 = [γ(0)13 : 0 : 1− γ(0)11 ], [e1]}.
Set ℓ1 =
←−→p1, e1 and ℓ2 = ←−→p2, e2. Thus γ0(ℓ1) = ℓ1 and γ0(ℓ2) = ℓ2. That is
the unique point ∗ in ℓ1∩ ℓ2 is fixed by γ0 and ∗ ∈ P2C \ (ℓ1∪ ℓ2. Therefore γ0
is diagonalizable. Finally, since λ∞ is a group morphism, we conclude that
γ0 has infinite order. Which contradicts the initial assumption. 
Now it follows easily that:
Corollary 2.14. Let Γ ⊂ PSL(3,C) be a discrete group and ℓ ∈ Gr(P2
C
) be
an invariant line under Γ such that the action of Γ restricted to ℓ is trivial,
then there is a point p ∈ P2
C
such that Eq(Γ) = P2 \ (ℓ ∪ {p}).
Lemma 2.15. Let Γ ⊂ PSL(3,C) be a discrete group such that each element
γ ∈ Γ has a lift γ˜ ∈ GL(3,C) given by:
γ˜ =
 γ11 0 00 γ22 γ23
0 γ32 γ33
 ,
then LiG(Eq(Γ)) ≤ 3.
Proof. Let (γm) ⊂ Γ be a sequence of distinct, thus for each m ∈ N there is
γ˜m ∈ GL(3,C) a lift of γm which is given by:
γ˜m =
 γ
(m)
11 0 0
0 γ
(m)
22 γ
(m)
23
0 γ
(m)
32 γ
(m)
33

where max{| γ(m)11 |, | γ(m)22 |, | γ(m)33 |, | γ(m)23 |, | γ(m)32 |} = 1. Since the se-
quences (γ
(m)
11 ),(γ
(m)
22 ), (γ
(m)
33 ), (γ
(m)
23 ), (γ
(m)
32 ) are bounded, there is a sequence
(km) ⊂ (m) and γ11, γ22, γ33, γ23, γ32 ∈ C such that
γ˜km m→∞//
 γ11 0 00 γ22 γ23
0 γ32 γ33
 = γ˜
where γ11(γ22γ33 − γ32γ23) = 0. In consequence Ker([[γ˜]]) is either [e1], a
line passing trough [e1],
←−−−→
[e2], [e3] or a point in
←−−−→
[e2], [e3]. Now, the conclusion
follows easily. 
Proposition 2.16. Let Γ ⊂ PSL(3,C) be a discrete group and Ω ⊂ P2
C
be
a discontinuity region for the action of Γ which is either Eq(Γ), Ω(Γ) or a
maximal discontinuity region. If 4 ≤ LiG(Ω) <∞, then for each L ∈ GL(Ω)
with Card(L = LiG(Ω)) it falls out that:
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(i) There is at least one vertex of L;
(ii) If v ∈ P2
C
is a vertex of L, then Isot(v,Γ) is a subgroup of Γ with
finite index;
(iii) There are at least two vertexes of L;
(iv) The vertexes of L lie in a complex line;
(v) There are at most two vertexes of L;
(vi) If ℓ ∈ Gr(P2
C
) does not contains a vertex of L, then its orbit under
Γ is infinite.
Proof. Let us prove part (i). Since LiG(Ω) ≥ 4 we conclude that Lin(Ω) =
∞. On the other hand, since LinG(Ω) < ∞, we deduce that there is
p0 ∈ P2C, ℓ1, ℓ2 ∈ L and a infinite set C0 such that {p0} =
⋂ C0 = ℓ1 ∩ ℓ2 and⋃ C0 ⊂ P2C \ Ω.
Let us prove (ii). Let p0 ∈ P˜(L), then there are ℓ1, ℓ2 ∈ L and a in-
finite set C0 such that {p0} =
⋂ C0 = ℓ1 ∩ ℓ2 and ⋃ C0 ⊂ P2C \ Ω. Let
γ ∈ Γ, then there is p1 ∈ P2C, ℓ˜1, ℓ˜2 ∈ L and a infinite set C1 ⊂ C0 such that
{p1} =
⋂
γ(C0) = ℓ˜1 ∩ ℓ˜2. In consequence γ(p0) = p1. Which proves the
assertion.
Let us prove (iii). Let p0 ∈ P2C be a vertex of L, thus there are ℓ3, ℓ3 ∈ L
such that p0 /∈ (ℓ3, ℓ4). Then the orbits of ℓ3 or ℓ4 under Γ are infinite.
Observe that, if there is γ ∈ Γ such that γ(p0) ∈ ℓ1, the assertion follows
easily. So let us assume that p0 /∈ Γℓ1. Since LiG(Ω) = k0 < ∞ and Γℓ1
is infinite, it falls out that there is p1 ∈ P2C \ {p0}, ℓ1, ℓ2 ∈ L and a infi-
nite set C3 ∈ Gr(P2C) an infinite set such that {p1} =
⋂ C3 = ℓ˜1 ∩ ℓ˜2 and⋃ C3 ⊂ P2C \ Ω. Which concludes the proof.
Let us prove (iv). On the contrary, let us assume that the vertex of L
does not lie in a complex line, thus there is a set C ⊂ P2
C
of vertexes of L
such that Card(C) = 3. Let Γ0 =
⋃
x∈C Isot(x,Γ), thus Γ0 is a subgroup of
Γ with finite index. Thus after conjugating by a projective transformation,
if it is necessary, we can assume that C = {[e1], [e2], [e3]}. In consequence,
each element γ ∈ Γ has a lift γ˜ ∈ SL(3,C) given by:
γ˜ =
 γ11 0 00 γ22 0
0 0 γ33
 .
where γ11γ22γ33 = 1. Which is a contradiction.
Let us prove (v). If this is not the case, then there is a set C1 of ver-
texes of L such that Card(C1) = 3. Set Γ0 =
⋂
v∈C1 Isot(v,Γ) ⊂ is a
subgroup of Γ with finite index fixing at least 3 points in the line ℓ which
contains C1. Thus Γ0 fixs each point in ℓ. By corollary (2.14), it follows
12 W. BARRERA, A. CANO & J. P. NAVARRETE
that Eq(Γ) = P2
C
\ ℓ = P2
C
\ L0(Γ0), which is a contradiction.
Let us prove (vi). On the contrary, let us assume that there is ℓ0 ∈ Gr(P2C)
an element with infinite orbit which is disjoint from the vertexes of L. Thus
Γ0 = Isot(ℓ0,Γ) ∩ (
⋂
v∈V Isot(v,Γ)), is a subgroup of Γ with finite index
fixing ℓ0 and each vertex L, here V is the set of vertex of L. Let ℓV be the
line which contains the vertexes of L. Then Γ0 leaves invariant ℓ0 ∩ ℓ. In
consequence leaves invariant 3 points in ℓ. Therefore, Γ0 leaves invariant
each point in ℓ. By corollary (2.14), it follows that there is a point q ∈ P2
C
such that Eq(Γ) = P2
C
\(ℓ∪{q}) = P2
C
\L0(Γ). Which is a contradiction. 
Theorem 2.17. Let Γ ⊂ PSL(3,C) be a discrete subgroup and Ω ⊂ P2
C
be
either Eq(Γ), Ω(Γ), P2
C
\ C(Γ) or a maximal region where Γ acts properly
discontinuously, then LiG(Ω) = 1, 2, 3, 4 or ∞.
Proof. On the contrary let us assume that 4 < LiG(Ω) < ∞, then there is
L ∈ LG(Ω) such that Card(L) = LiG(Ω). Let p0, p1 be the vertex of L.
Then there is ℓ ∈ L, disjoint from {p0, p1}. In consequence, previous Lemma
yields that Γℓ is an infinite set in Gr(P2
C
). Thus there is p ∈ {p0, p1} and
(γm) ⊂ Γ such that γmℓ is an infinite set in Gr(P2C) and
⋂
m∈N γmℓ = {p}.
Then {γ−1m (p) : m ∈ N} ⊂ ℓ ∩ {p0, p1}. Which is a contradiction. 
3. The Limit Set
Lemma 3.1. Let Γ ⊂ PSL(3,C) be a discrete group which satisfies LiG(P2
C
\
C(Γ)) = 1. If ℓ ∈ Gr(P2
C
) is the unique line in P2
C
\C(Γ) and Γ˜ denotes the
action of Γ restricted to ℓ, then Γ˜ does not contains loxodromic elements.
Proof. On the contrary let us assume that there is γ0 ∈ Γ such that γ0 |ℓ
is loxodromic. Thus Normal Jordan Form Theorem yields that there is
γ˜0 ∈ GL(3,C) a lift of γ0 and γ ∈ GL(3,C) that [[γ]](ℓ) =
←−−−→
[e1], [e2] and
γγ˜0γ
−1 is either:
A =
 λ1 0 00 λ2 0
0 0 1
 ; C =
 λ 0 00 1 1
0 0 1
 ,
where |λ1| < |λ2| and |λ| 6= 1. A simple calculation shows:
P
2
C \Eq(< [A] >) =

←−−−→
[e2], [e3] ∪ {[e1]} if |λ2| = 1;←−−−→
[e1], [e3] ∪ {[e2]} if |λ1| = 1;←−−−→
[e2], [e1] ∪
←−−−→
[e2], [e3] if |λ2| < 1;←−−−→
[e1], [e3] ∪
←−−−→
[e2], [e3] if |λ1| < 1 < |λ2|;←−−−→
[e1], [e3] ∪
←−−−→
[e2], [e1] if |λ1| > 1;
P
2
C \ Eq(< [B] >) =
←−−−→
[e2], [e1] ∪
←−−−→
[e2], [e3].
Which is not possible, since [[γ]](ℓ) =
←−−−→
[e1], [e2]. 
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Lemma 3.2 (See [4]). Let Γ ⊂ PSL(2,C) be a group without loxodromic
elements, then Γ is conjugated to a subgroup of either SO(3) or EP (C),
where
EP (C) =
{(
a b
0 1
)
: |a| = 1 and b ∈ C
}
.
Lemma 3.3. Let Γ ⊂ PSL(3,C) be a discrete group such that LiG(P2
C
\
C(Γ)) = 1. If ℓ is the unique line in C(Γ), it holds:
(i) If Γ|ℓ is conjugated to a group of S0(3), then LiG(Eq(Γ)) = 1;
(ii) If Γ|ℓ is conjugated to a group of EP (C), then either LiG(Eq(Γ)) ≤
2 or Eq(Γ) = ∅.
Proof. Let us prove (i). After conjugating with a projective transformations
if it is necessary, we may assume that ℓ =
←−−−→
[e2], [e3] and Γ|ℓ is a subgroup of
SO(3). Now, let (γm) ⊂ Γ be a sequence of distinct elements, then for each
m ∈ N there is am ∈ C, bm = (b(m)j1 ) ∈ M(2 × 1,C), γ˜m ∈ GL(3,C) and
Hm = (h
(m)
ij ) ∈ SO(3) such that γ˜0 is a lift of γ0 and
γ˜m =
(
am 0
bm Hm
)
.
On the other hand, since SO(3) and P1
C
are compact, we may assume that
there is a ∈ P1
C
and H ∈ SO(3) such that am m→∞// a and Hm m→∞// H.
Define |γm| = max{|am|, |h(m)ij |, |b(m)j1 |, j, i ∈ {1, 2}}, we must consider the
following cases:
Case 1. (|γm|) is unbounded. Thus there is a subsequence of (|γm|),
which is still denoted (|γm|), such that |γm| m→∞// ∞. In consequence
(|γm|−1γ˜m) is a bounded sequence inM(3,C), thus there is γ ∈M(3,C)\{0}
and a subsequence of (|γm|−1γ˜m), still denoted (|γm|−1γ˜m), which satis-
fies |γm|−1γ˜m m→∞// γ. Since |γm|−1Hm m→∞// 0, we conclude that there is
a ∈ C and b ∈M(2× 1,C) such that:
γ =
(
a 0
b 0
)
.
In consequence Ker(γ) =
←−−−→
[e2], [e3].
Case 2. (|γm|) is bounded. Since Γ is discrete, we conclude that am m→∞// 0.
Moreover, (γ˜m) is a bounded sequence inM(3,C), thus there is γ ∈M(3,C)\
{0} and a subsequence of (γ˜m), still denoted (γ˜m), which satisfies γ˜m m→∞// γ.
Thus there are b ∈M(2× 1,C) such that:
γ =
(
0 0
b H
)
.
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A straighfoward calculation shows that wm = (1,−(Hm − am)−1(bm)) is
proper vector with proper value am. Moreover, it holds
wm m→∞// w = (1,−H−1(b))
and γ(w) = 0. That is Ker([[γ]]) ⊂ L0(Γ) ⊂ C(Γ).
From the previous cases, it follows that LiG(Γ) = 1.
Let us prove (ii). After conjugating with a projective transformations if
it is necessary, we may assume that ℓ =
←−−−→
[e2], [e3] and Γ|ℓ is a subgroup of
EP (C). Now, let (γm) ⊂ Γ be a sequence of distinct elements, then for each
m ∈ N there are am, bm, cm, dm ∈ C, θm ∈ R and γ˜m ∈ GL(3,C) such that
γ˜0 is a lift of γ0 and
γ˜m =
 am 0 0bm eπiθm dm
cm 0 1
 .
Define |γm| = max{|am|, |bm|, |cm|, |dm|}, we must consider the following
cases:
Case 1. (|γm|) is unbounded. Thus there is a subsequence of (|γm|),
which is still denoted (|γm|), such that |γm| m→∞// ∞. In consequence
(|γm|−1γ˜m) is a bounded sequence inM(3,C), thus there is γ ∈M(3,C)\{0}
and a subsequence of (|γm|−1γ˜m), still denoted (|γm|−1γ˜m), which satisfies
|γm|−1γ˜m m→∞// γ. Thus there are a, b, c, d ∈ C such that:
γ =
 a 0 0b 0 d
c 0 0
 .
A straightforward calculation shows:
Ker(γ) =

←−−−→
[e2], [e1] if d = 0;
a line passing trough [e2] if d 6= 0, a=b=0;
{e1} in any other case
Case 2. (|γm|) is bounded. Since Γ is discrete, we conclude that am m→∞// 0.
Moreover, (γ˜m) is a bounded sequence inM(3,C), thus there is γ ∈M(3,C)\
{0} and a subsequence of (γ˜m), still denoted (γ˜m), which satisfies γ˜m m→∞// γ.
Thus there are b, c, d ∈ C and θ ∈ R such that:
γ =
 0 0 0b eπiθ d
c 0 1
 .
ESTIMATES OF THE NUMBER OF LINES LYING IN THE LIMIT SET FOR SUBGROUPS OF PSL(3,C)15
Set Km =
(
eπiθm dm
0 1
)
and K =
(
eπiθ d
0 1
)
. A straighfoward calcu-
lation shows that wm = (1,−(Km − am)−1(bm, cm)) is proper vector with
proper value am. Moreover, it holds
wm m→∞// w = (1,−K−1(b, c))
and γ(w) = 0. That is Ker([[γ]]) ⊂ L0(Γ) ⊂ C(Γ).
The previous cases, yield that either Eq(Γ) = ∅ or LiG(Γ) ≤ 2. 
Lemma 3.4. Let Γ ⊂ PSL(3,C) be a discrete group, such that LiG(P2
C
\
C(Γ)) = 2, then:
(i) There is τ ∈ PSL(3,C) a projective transformation such that each
γ ∈ τΓτ−1 has a lift γ˜ ∈ SL(3,C) such that γ˜ is given by:
γ =
 γ11 γ12 γ130 γ22 γ23
0 γ32 γ33
 ;
(ii) Let γ ∈ τΓτ−1 and γ˜ ∈ SL(3,C) a lift of γ, then there is a proper
values λ of
(
γ22 γ23
γ32 γ33
)
such that
|γ11| ≤ |λ|;
(iii) It holds either LiG(Eq(Γ)) or Eq(Γ) = ∅.
Proof. Let us prove (i). It follows easily form lemma 2.4.
Let us prove (ii). Let γ ∈ Γ˜ and γ˜ ∈ SL(3,C) be a lift of γ, then there is
H ∈ GL(2,C), a ∈ C∗ and b ∈M(1× 2,C) such that
γ˜ =
(
a b
0 H
)
Let us assume that |a| > max{|λ| : λ is a proper value of H}. Since every
proper value of H is a proper value of γ˜, it follows that γ˜ has at least two
different proper values. Thus normal Jordan form theorem yields that γ˜ is
either conjugated to
A =
 a 0 00 λ1 0
0 0 λ2
 ; B =
 a 0 00 λ1 1
0 0 λ1

clearly, in the respective cases, λ1, λ2 are proper values of H. A simple
calculation shows:
Λ(< [A] >) =

←−−−→
[e1], [e3] ∪
←−−−→
[e3], [e2] |λ1| < |λ2|;←−−−→
[e1], [e2] ∪
←−−−→
[e3], [e2] |λ2| < |λ1|;
{[e1]} ∪
←−−−→
[e3], [e2] |λ1| = |λ2|
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and
Λ(< [B] >) =
←−−−→
[e1], [e2] ∪
←−−−→
[e3], [e2]
in any case, it follows that LiG(Γ) ≥ 3. Which is a contradiction.
Let us prove (iii). Let (γm) ⊂ Γ be a sequence of distinct elements
and γ ∈ SP (3,C) such that γm m→∞// γ. Thus for each m ∈ nN there is
γ˜m ∈ SL(3,C), γ(m)11 ∈ C∗, γ(m)12 ∈ M(1 × 2,C) and Hm ∈ GL(2,C) such
that γ˜m is a lift of γm and
γ˜m =
(
γ
(m)
11 γ
(m)
12
0 Hm
)
.
Set ||Hm|| = max{Hm(x) : |x| = 1}. Thus (||Hm||−1Hm) is sequence of
unitary operators, thus we can assume that there is H ∈ GL(2,C) a unitary
operator such that ||Hm||−1Hm m→∞// H, point wise. On the other hand,
part (ii) of the present lemma yields |γ(m)11 | ≤ ||Hm||. Then we can assume
that there is γ11 ∈ C such that γ(m)11 ||Hm||−1 m→∞// γ11. Set γ
(m)
12 = (am, bm)
and |γ12(m)| = max{|am|, |bm|}. And consider the following cases:
Case 1.- The sequence (||Hm||−1|γ(m)12 |) is unbounded. In this case, we may
assume that ||Hm||−1|γ(m)12 | m→∞// ∞. Thus a simple calculation shows:
|γ(m)12 |−1||Hm||γ˜m m→∞//
(
0 γ12
0 0
)
.
which shows that Ker(γ) is a complex line passing trough [e1].
Case 2.- The sequence (||Hm||−1|γ(m)12 |) is bounded. In this case, we may
assume that there is γ12 ∈ M(1 × 2,C) such that ||Hm||−1γ(m)12 m→∞// γ12.
A simple calculation shows:
||Hm||−1γ˜m m→∞//
(
γ11 γ12
0 H
)
.
Now is straighfoward to check that Ker(γ) = [e1] is either [e1], a line passing
trough [e1] or a point in P
2
C
. Let us assume that Ker(γ) is a point ∗. In
thus case there is ℓ˜ ∈ Gr(P2
C
) such that ∗ ∈ ℓ ⊂ C(Γ). It can be shown that,
see [?], there is a complex line ℓˆ ∈ Gr(P2
C
) and subsequence of (γm), still
denoted (γm), such that
(3.1) γ−1m m→∞// ∗ uniformly on compact sets of P2C \ ℓˆ.
Let ℓˇ ∈ Gr(P2
C
) be such that ℓˇ ⊂ C(Γ) and ℓˇ 6= ℓˆ. Thus equation 3.1, yields
γ−1m (ℓˇ) m→∞//
←−−→∗, [e1]. Which clearly concludes the proof. 
From the previous lemmas is straighfoward to check
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Corollary 3.5. Let Γ ⊂ PSL(3,C) be a complex Kleinian group such that
LiG(Ω(Γ)) ≥ 3, then LiG(P2
C
\ C(Γ)) > 3.
Now Theorem 0.3 follows easily.
4. Examples
4.1. A groupWith infinite Lines in General Position. Let Γ ⊂ PU(1, 2)
be a discrete group which acts with compact quotient on H2
C
, see [3], then
it can be proved that, see [9], Ω(Γ) = H2
C
and LiG(Ω) =∞.
4.2. A group With 4 Lines in General Position. Let M be the ma-
trix M =
(
3 5
−5 8
)
. A straightforward calculation shows, that M has
eigenvalues
α± =
−5±√21
2
,
with respective eigenvectors:
v+ =
(
1,
−11 +√21
10
)
; v− =
(
−11 +√21
10
, 1
)
.
Let Γ⋉M ⊂ PSL(3,C) be the group generated by:
γ0(w, z) = (α+w,α−z);
γ1(w, z) = (w + 1, z +
−11+√21
10 );
γ2(w, z) = (w +
−11+√21
10 , z + 1);
γ3(w, z) = (z, w).
Then it is easily seen that Ω(Γ⋉A) =
⋃
j,j=0,1(H
(−1)i×H(−1)j ) and LiG(Ω(Γ⋉A)) =
4. Moreover, one can check that this is ”essentially” the only way to con-
struct examples of groups Γ ∈ PSL(3,C) with LiG(Ω(Γ)) = 4, see [2].
4.3. A group With Three Lines in General Position and infinite
Lines. Let Γ ⊂ PSL(2, C) be a non-elementary kleinian group and G ⊂ C∗
be a discrete subgroup and for each g ∈ C∗ set ig : SL(2,C) → SL(3,C)
given by:
i(h) =
(
gh 0
0 g−2
)
.
Then S(Γ, G) is to be defined as:
S(Γ, G) = {ig(γ) : g ∈ G& [[γ]] ∈ Γ} .
Then, one can check Ω(S(Γ, G)) = Ω(Γ) × C∗, LiG(Ω(S(Γ, G))) = 3 and
Li(Ω(S(Γ, G))) =∞
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4.4. A group With Three Lines in General Position. Let a ∈ C∗ and
Ma, B ∈ SL(3,C) given by:
Ma =
 a 0 00 a 0
0 0 a−2
 ; B =
 0 0 11 0 0
0 1 0

Let Γa ⊂ PSL(3,C) be the group generated by Ma and B, thus one can
check, see [4], Ω(Γa) = C
∗ × C∗ and LiG(Ω(Γa)) = Li(Ω(Γa)) = 3.
4.5. A group With Two Lines in General Position And Infinite
Lines. Let M ∈ SL(3,Z), also let α, β, β with α > 1, β 6= β be its eigenval-
ues. Choose a real eigenvector (a1, a2, a3) belonging to α and an eigenvector
(b1, b2, b3) belonging to β. Now let GM be the group generated by:
γ0(w, z) = (αw, βz),
γi(w, z) = (w + ai, z + bi); i = 1, 2, 3.
Then it is easily seen that Ω(GM ) =
⋃
j=0,1(H
(−1)j) ×C), Li(Ω(GM )) =∞,
LiG(Ω(GM )) = 2 and Eq(GM ) = ∅.
4.6. A groupWith Two Lines in General Position. Let Γ ⊂ PSL(3,C)
be the group induce by the matrix:
γ =
 a 0 01 b 0
0 0 c
 ,
where | a |<| b |<| c | and abc = 1. Thus it is easily seen, see [10], that
Ω(Γ) = C× C∗ and in consequence LiG(Ω(Γ)) = Li(Ω(Γ)) = 2.
4.7. A group With One Line in General Position. Let v1, v2, v3, v4 ∈
C
2 be points which are R-linearly independent. Let gi, i ∈ {1, 2, 3, 4}, be
the translation induced by vi, then Γ =< g1, . . . , g4 > is a group isomorphic
to Z4 which satisfy Ω(Γ) = C2 and LiG(Ω(Γ)) = 1.
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